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Recall the relationships we know so far between ideals and

algebraic sets

Wehave a map V ideals in kCx xD alg sets in IAI

map is inclusion reversing I EJ V J EV I

surjective bydef

If X is algebraic V ICM X so I is a right inverse
x x so it's not injective

However VCI V E

If we restrict our attention to radical ideals is a bijection

Note that this is not true over eg IR

x2ty2 is irreducible thus x y and x y are both primeand
thus radical over IR However the Zero set of each is 0,0

The Nullstellensatz says that if his algebraically closed we do get
a bijection

Hi Nut tz Let k be algebraically closed and



I C KG xD an ideal Then I I TI

Thus I is a left inverse when V is restricted to radical ideals

Inorder to provethis we first need the following

weak.NU 1ensatt If k is algebraically closed and I EKG xD
a proper ideal then VCI 0

If Find a maximal ideal in SI Then m EV I

ClaimAnymaximal ideal mEkEx xD is of the form
Fx a Xu au Ai Ek
we'll prove this next time

so V m a an Inparticular V I 0 D

tuttmsat we know RIE ICV I

Let I f fr Suppose gc ICV I

let R kCx xD and S kCx XnD
Define J f fr Xing 1 E S

What is V J E1A If P c J then f P o V i

so g P O



Thus Tung I evaluated at P is not 0 V J 0

The weak Nullstellensatz implies that J S so I c J

Eai fi t b xn g l 1 for some a ar b t S

Let N be the highestpowerof xn appearing in theequation
and set y

L
Tnt

Multiplying bothsides of the equation by y and cancelling all
The Xun's yields

off tb g y yn where I Er I ckCx in y

Substituting g for y we get gN F 0 where FEI
doyouseewhywe'reallowedtodothis

so g c TI D

Cer We now have the beginnings of a dictionary between
commutative algebra and algebraic geometry Let S kCx xD

Algebraic commutative
geometryalget

Algebraic sets in radical ideals
1A T in S

irreduciblealgebraic primeideals
sets ots



points in 4th e maximal ideals
in s x a Xu an1a an

0 i s

1A o

Inclusion reverse inclusion
of algebraic of ideals
sets

irreducible irreducible polynomials
hypersurfaces up to scaling

algebraicsubsets Radical ideals radical ideals
of VCI in SE sine w ytaining I

Ex Consider I x y l X2Z E x y z
x y l 22 FI x y l z

I x U V y l z

it II min.ie u s

Ex9 7 I Git so the algebraic subsets correspond to those in

the plane

x y 2Hy i z E GCM so the proper alg subsets are just points
and 0

Cer k algebraicallyclosed I EkCx xn S an ideal Then



SI is finite II is a finitedimensional k vectorspace

Ex l kCx has k basis 1 x x and V o IA which is

infinite

2 In k 5 2 y I I so it has K basis 1 5,52 and

Vfx y is infinite

3 k 9
y hey kbasis 1,5 so dimension 2 and

x y 0,01 finite

4 kcx.gl y xlx i also has fbasis 1,5 and dim 2 but

y X x l o.o 1,0

5 If f ckCx is a polynomial at deg d 0 then in
k

1
I is a k linear combination of lower degree terms so

T I In forms a basis

Note Thisdimension dimp XI is called the length of the

corresponding scheme Even though Hy V x y the
two ideals definedifferent schemes

Versus

We'll come back tothis in a few weeks



Pf ary First assume dim VI s let P Pr cVCI

I if i j
Chaim we can find f fr ES st fi Pj o otherwise

sketched
ForPf Iain each i find gi linear s t g Pi 0 but goPj 1 0

for j t i Cie a hyperplane avoiding Pj P f at929314
Set fj Lag ga Jj g Si pa 2

with a productof gi eval at Pj D 52I

p

We want to show that the a

F s are linearly independent in SI

let X ar c k s t EX I 0 Then E Xi fi C I

Since Pjc V I O E ti ti Pj Tj so Ai O forall i

Thus I I are linearly independent so redimp VI l I
finite

Nowassume VCI R R i e V I is finite

For each j c I t define fj xj a j Xj 9zj Xj arj
where aid jth coordinate at Pi

Then fj Pi O H i j so tj c I VCI IT



Thus F Ns o s t fjN c I t j

Ijn O so IjNr is a k linear combination of smaller

powers

we can generate as a vectorspace by finitely many
monomials dimpe VI ca D

EffectiveNullstersatz
let I f fr EKG xD

If g P O forall PEV I then since VI I VCI

g
N e I for some N O

Question Is there an upper bound on the minimum N
that works

The Koller 1988 If fi are homogeneous of deg di 2
then g c fI gN c I for some N E di

If ran no smaller N will work in general


